BROJEVNE BAZE

1. Dokaži da je broj 0.123456789101112... iracionalan.

2. Pokažite da nijedan broj oblika xyxy u bazi 10 ne može biti potpun kub nekog prirodnog broja, te nađite najmanju bazu b takvu da postoji potpun kub čiji je zapis u toj bazi xyxy.
3. Koliko ima prirodnih brojeva takvih da njihov zapis u bazi n zadovoljava:

· Sve su znamenke različite;

· Znamenka, osim prve slijeva, se smije pojaviti samo ako se razlikuje za 1 od neke njoj prethodne znamenke?

  Npr. u bazi 3 ima 8 takvih brojeva: 1, 2, 10, 12, 21, 102, 120, 210.

4. Niz 
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 nenegativnih cijelih brojeva se definira po sljedećim pravilima. Prvih p-1 članova su brojevi 0, 1, 2,..., p-2. Za svaki n veći od p-1, 
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 se definira kao najmanji broj veći od 
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 takav da nikojih p od prvih n+1 članova niza ne čini aritmetički niz. Ako je p prost broj, dokažite da je 
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 broj dobiven tako da se n zapiše u bazi p-1 i taj zapis pročita u bazi p. 

5. Dano je 
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. Odredite 
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6. Funkcija  f definirana je na skupu prirodnih brojeva sa 
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  za svaki prirodan broj n. 

  Odredi broj prirodnih brojeva n, manjih od ili jednakih 2005, za koje je f(n) = n.
7. Funkcija  f definirana ja na skupu prirodnih brojeva sa 
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  za svaki prirodan broj n. 

  Odredi broj prirodnih brojeva n, manjih od ili jednakih 2005, za koje je f(n) = 2n.
8. Biolog promatra kameleona. Kameleon lovi muhe i odmara se nakon svakog ulova. Biolog je primijetio:

· Prvu muhu je ulovio nakon odmora od jedne minute;

· Odmor prije ulova 2m-te muhe je jednak odmoru prije ulova m-te muhe, a minutu je kraći od odmora prije ulova (2m+1)-ve muhe; 

· Kad prestane s odmorom kameleon uhvati muhu u trenutku.

a) Koliko je muha kameleon uhvatio prije prvog odmora od 9 minuta? 

b) Nakon koliko minuta će kameleon uhvatiti 98. muhu?

c) Koliko je muha kameleon uhvatio do 2005. minute nakon početka promatranja.  

9. Za svaki prirodan broj k neka je f(k) broj elemenata {k+1, k+2, ..., 2k} čiji prikaz u bazi 2 sadrži točno tri jedinice.

a) Dokazati da za svaki prirodan broj m, postoji bar jedan prirodan broj k takav da je 
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b)  Odredite sve prirodne brojeve m za koje postoji točno jedan k takav da je f(k) = m.

10. Neka je  f(n) broj nula u zapisu broja n u bazi 3. Za koje poitivne realne brojeve x red 
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11. Neka je N prirodan broj. Mirko i Slavko naizmjence pišu brojeve iz skupa {1, 2, ..., N} na ploču. Mirko započinje igru zapisujući broj 1 u prvom potezu. Nakon toga, ako je u nekom potezu napisan broj n, igrač koji je na potezu smije napisati ili n+1 ili 2n (ukoliko taj broj ne prelazi N). Igrač koji napiše broj N je pobjednik. Kažemo da je broj N Mirkov, odn. Slavkov, ako Mirko, odn. Slavko, ima pobjedničku strategiju. 

a) Odredite je li broj 2005 Mirkov ili Slavkov. 

b) Nađite najmanji broj N > 2005 koji ne pripada istom igraču kao broj 2005. 

12. Podskup (različitih) prirodnih brojeva zovemo DS-skup ako svaki element tog skupa dijeli suma sumu svih elemenata tog skupa. Dokaži da je svaki podskup priodnih brojeva podskup nekog DS-skupa (odn. da se svaki podskup može proširiti do DS-skupa). 

13. Neka je  
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 rastući niz nenegativnih cijelih brojeva takvih da se svaki nenegativan cijeli broj može na jedinstven način prikazati u obliku 
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, gdje i, j, k nisu nužno različiti. Nađi 
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14. Mirko i Slavko igraju sljedeću igru. Na stolu se nalazi N karata. Mirko počinje igru tako da uzme M karata, gdje je 
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 Sada Slavko uzima S karata, gdje je 
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 Nakon toga igrači naizmjence uzimaju karte sa stola tako da u svakom koraku uzmu barem jednu kartu, ali ne smiju uzeti više nego dvostruko od broja karata koje je uzeo njihov protivnik u koraku prije. Igrač koji uzme posljednju kartu sa stola pobjednik je. 

15. Postoji li strogo rastuća funkcija  f: N(N, takva da je 
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16. Neka je N = {0, 1, 2, 3, ...}, te neka je F: N(N takva da je 

· 
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Dokaži da za svaki prirodan broj m, ima točno 
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 brojeva n  takvih da vrijedi 
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Zeckendorfov teorem. Svaki prirodan broj N može se prikazati na jedinstven način kao zbroj različitih Fibonaccijevih brojeva 
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Dodatni zadaci

17. Neka je b prirodan broj veći od 5. Za svaki prirodan broj n, promatrajmo broj 
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  zapisan u bazi b. Dokaži da je b=10 ako i samo vrijedi

· Postoji prirodan broj M takav da je za svaki prirodan broj n veći od M, 
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 potpun kvadrat. 

18. Neka je b(n) broj jedinica u binarnom zapisu broja n. Dokažite:

a) nejednakost 
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b) da nejednakost pod a) vrijedi za beskonačno mnogo prirodnih brojeva.

c) da postoji niz 
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19. Prirodan broj je šašav ako su mu u zapisu u bazi 10 znamenke na parnim mjestima 0, a na neparnim mjestima različite od 0 i ako ima neparno mnogo znamenki. Nađite sve prirodne brojeve koje ne dijele niti jedan šašavi broj. 

20. Neka je p(x) najmanji prost broj koji ne dijeli prirodan broj x, te neka je q(x) product svih prostih brojeva manjih od p(x). Ako je p(x)=2, definirajmo q(x) = 1. Definirajmo još niz sa 
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Rješenja, hintovi i izvori

1. Champerdowneov broj. 2. b=7. Irska '98. 3. 
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. USAMO '90. 4. USAMO '95.  

5. baze 2 i 3. Turska '96. 6. baza 2. IMO '88. 7. baza 3. Venkatachala 2.16. 8. baza 2. SH '99.

9. IMO '94. 10. x<25. Putnam '87. 11. baza 2. b) 2048. SH '04. 12. baza 2. SH '93. 

13. baze 2 i 8. SH '98. 14. Zeckendorf. Dujella, Fibonaccijevi brojevi. 15. Zeck. IMO '93.

16. Fib. i baza 2. SH ' 00. 17. SH '03. 18. SH '92. 19. SH '94. 20. SH '95. 

19th USAMO 1990
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Problem 4
How many positive integers can be written in base n so that (1) the integer has no two digits the same, and (2) each digit after the first differs by one from an earlier digit? For example, in base 3, the possible numbers are 1, 2, 10, 12, 21, 102, 120, 210. 

 

Solution
Answer: 2n+1 - 2n - 2. 

We use a more elaborate induction hypothesis. We claim that for base n+1, the following numbers of integers satisfy the two conditions: 2n+1- 2n - 2 not using the digit n; 2n - 1 with the digit n is the last position; 2n-1 with the digit n in the last but 1 position; 2n-2 with the digit n having 2 following digits; 2n-3 with the digit n having 3 following digits; ... ; 1 with the digit n having n following digits. 

Thus for n = 2, the claim is that there are 2 numbers only involving 0 and 1 (1, 10), 3 numbers with 2 as the last digit (2, 12, 102), 2 numbers with one digit after 2 (21, 120) and 1 number with two digits after 2 (210). Suppose this holds for base n+1. 

If we add up the various possibilities we get 2n+1 - 2n - 2 + (2n - 1 + 2n-1 + 2n-2 + ... + 1) = 2n+1 - 2n - 2 + 2n+1 - 2 = 2n+2 - 2(n+1) - 2. The number of base n+2 integers not involving the digit n+1 is the same as the number of base n+1 numbers, which is (by induction and the addition above) 2n+2 - 2(n+1) - 2. If a base n+2 number has the digit n+1 in the last place, then either that is the only digit in the number or the earlier digits must form a base n+1 number with the digit n in it. There are (2n - 1 + 2n-1 + ... + 1) = 2n+1 - 2 such numbers, so in total we have 2n+1 - 1 base n+2 numbers with n+1 in the last place. If a base n+2 number has the digit n+1 in the penultimate place, then either the number has n+1 as the first digit, in which case it must be n+1 n, or the other digits form a base n+1 number with the digit n in the penultimate place or earlier. There are 2n-1 + ... + 1 = 2n - 1 such numbers. So 2n in total. Similarly for the other possibilities. 

Finally, we need to check the answer for n = 2 (1, 10, so two numbers and 22+1 - 2·2 - 2 = 8 - 4 - 2 = 2). 

24th USAMO 1995
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Problem 1
The sequence a0a1, a2, ... of non-negative integers is defined as follows. The first p-1 terms are 0, 1, 2, 3, ... , p-2. Then an is the least positive integer so that there is no arithmetic progression of length p in the first n+1 terms. If p is an odd prime, show that an is the number obtained by writing n in base p-1, then treating the result as a number in base p. For example, if p is 5, to get the 5th term one writes 5 as 11 in base 4, then treats this as a base 5 number to get 6. 

 

Solution
Let bn be the number obtained by writing n in base p-1 and then treating the result as a number in base p. The resulting sequence bn is all those non-negative integers whose base p representation does not have a digit p-1. We show that bn cannot contain an arithmetic progression of length p. For suppose there was such a progression with difference d. Suppose the last non-zero digit of d in base p is k. Suppose the first term of the progression has digit h in that position, then the terms of the progression have digit h, h+k, h+2k, ... h+(p-1)k mod p in that position. But these must be a complete set of residues mod p, so one of them must be p-1 mod p. So the corresponding term has a digit p-1 in this position. Contradiction. 

Now to show that an = bn we use induction on n. Evidently, it is true for n < p-1. Suppose it is true for all m < n. It is sufficient to show that if bn < m < bn+1, then {b1, b2, ... , bn, m} contains an arithmetic progression. m must contain a digit p-1, for otherwise it would be bk for some k > n. Let m1 be the number obtained from m by reducing every digit p-1 in m by 1. Then m has no digit p-1s, so it must be some bk and hence one of b1, ... , bn. Now take m2 to be the number obtained by reducing the same digits by another 1. Similarly, define m3, ... , mp-1. Then each mi is in {b1, ... , bn} and mp-1, ... , m1, m is a progression of length p. 

63rd Putnam 2002
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Problem B5
A base b palindrome is an integer which is the same when read backwards in base b. For example, 200 is not a palindrome in base 10, but it is a palindrome in base 9 (242) and base 7 (404). Show that there is an integer which for at least 2002 values of b has three digits and is a palindrome. 

 

Solution
Note that 121 has value (b+1)2 in base b. So if d2 < b, then the three digit number (d2)(2d2)(d2) has value d2(b+1)2. So take N to be any number divisible by 1, 2, 3, ... , 2002 and greater than 20022. Then if we write N2 in base N/d - 1 for d = 1, 2, 3, ... , 2002 we get the three-digit palindrome (d2)(2d2)(d2). 

48th Putnam 1987
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Problem A6
Define f(n) as the number of zeros in the base 3 representation of the positive integer n. For which positive real x does F(x) = xf(1)/13 + xf(2)/23 + ... + xf(n)/n3 + ... converge? 

 

Solution
Answer: x < 25. 

Moderately hard. 

To get a handle on the problem, we collect a few terms and find that F(x) = (1/13 + 1/23 + 1/43 + 1/53 + 1/73 + 1/83 + ... ) + x(1/33 + 1/63 + 1/103 + 1/113 + 1/123 + 1/153 + 1/193 + 1/203 + 1/213 + 1/243 + ... ) + x2(1/93 + 1/183 + 1/283 + 1/293 + 1/303 + 1/333 + ... ) + x3(1/273 + 1/543 + ... ) + ... . This does not obviously help. 

Let us focus on the m-digit numbers (in base 3). There are obviously 2 possibilities for m-1 zeros (namely 10 ... 0 and 20 ... 0). For r zeros, we can place the zeros in m-1Cr ways (the leading digit must be non-zero) and then each of the remaining m-r digits can be 1 or 2, a total of 2m-r m-1Cr possibilities [aCb represents the binomial coefficient a! / ( b! a-b! ) ]. The m-digit numbers have a limited range of values, so that suggests bounds for F(x). 

The smallest m-digit number is 3m-1 and the largest is 3m - 1. So we get a lower bound by replacing 1/n3 by 1/33m = 1/27m. In fact, the lower bound for the sum over the m-digit numbers is 1/27m (x0 2m-0 m-1C0 + x1 2m-1 m-1C1 + ... + xm-1 2m - (m-1) m-1Cm-1 ) = 2m/27m (1 + x/2)k-1 = 2/27 ( (x + 2)/27 )k-1. Hence the lower bound for the complete sum is 2/27 ( 1 + y + y2 + y3 + ... ), where y = (x + 2)/27, which clearly diverges for y ≥ 1 or x ≥ 25. The upper bound is 27 times larger, since we replace 1/n3 by 1/33m-3 and it converges for y < 1 or x < 25. 

IMO 1960
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Problem A1 

Determine all 3 digit numbers N which are divisible by 11 and where N/11 is equal to the sum of the squares of the digits of N. 

 
Answer 

550, 803. 

 
Solution 

So, put N/11 = 10a + b. If a + b ≤ 9, we have 2a2 + 2ab + 2b2 = 10a + b (*), so b is even. Put b = 2B, then B = a(a-5) + 2aB + 4B2, which is even. So b must be a multiple of 4, so b = 0, 4 or 8. If b = 0, then (*) gives a = 5 and we get the solution 550. If b = 4, then (*) gives a2 - a + 14 = 0, which has no integral solutions. If b = 8, then (since a + b ≤ 9 and a > 0) a must be 1, but that does not satisfy (*). 

If a + b > 9, we have (a+1)2 + (a+b-10)2 + b2 = 10a + b, or 2a2 + 2ab + 2b2 - 28a - 21b + 101 = 0 (**), so b is odd. Put b = 2B+1. Then a2 + 2aB + 4B2 - 13a - 17B + 41 = 0. But a(a-13) is even, so B is odd. Hence b = 3 or 7. If b = 3, then (**) gives a2 - 11a + 28 = 0, so a = 4 or 7. But a + b > 9, so a = 7. That gives the solution 803. If b = 7, then (**) gives a2 - 7a + 26 = 0, which has no integral solutions. 

Comment 

Personally, I hate this type of question. The fastest way to solve it is almost certainly to scan the 81 multiples of 11 from 110 to 990. 

33rd IMO 1992 shortlist
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Problem 17 

Let b(n) be the number of 1s in the binary representation of a positive integer n. Show that b(n2) ≤ b(n) (b(n) + 1)/2 with equality for infinitely many positive integers n. Show that there is a sequence of positive integers a1 < a2 < a3 < ... such that b(an2)/b(an) tends to zero. 

 

Solution 

Consider N' = 2n + N in binary. If N has a 0 in the 2n position, then this changes to a 1 in N' and so b(N') = b(N) + 1. If not, then N has 0 followed by r 1s, the last in the 2n position. Adding 2n changes the 0 to 1 and the r 1s to 0s, so b(N') < b(N) + 1. Thus in any case b(N') < b(N) + 1. Now we can get M + N by adding b(M) powers of 2 to N, so b(M+N) ≤ b(M) + b(N). 

We now show that b(n2) ≤ b(n) (b(n) + 1)/2 by induction on n. For n = 1, it is obvious. Suppose it is true for < N. If N is even, then b(N2) = b(N2/4) ≤ ½ b(N/2) (b(N/2) + 1) = ½ b(N) (b(N) + 1). So suppose N is odd = 2n+1. Then b(N2) = b(4n2+4n+1) = b(n2+n) + 1 ≤ b(n2) + b(n) + 1 ≤ ½ b(n) (b(n) + 1) + b(n) + 1 = ½ (b(n) + 1)(b(n) + 2) = ½ b(N) (b(N) + 1). So the result is true for N. 

Put N = 221 + 222 + 223 + ... + 22m. If we consider N2, there are m terms 22i22i = 22i+1 and ½m(m-1) terms 2 22i 22j = 22i+2j+1 with i ≠ j. Evidently these are all distinct, so b(N) = m and b(N2) = ½m(m+1) = ½ b(N) (b(N)+1). 

Put N = 22m-1 - 22m-21 - 22m-22 - 22m-23 - ... - 22m-2m-1 - 1. Note that 22m-1 - 1 has 2m 1s (and no 0s) in binary. We are subtracting m-1 smaller distinct powers of 2, so b(N) = 2m - m + 1. Now consider N2. We get m+1 positive powers of 2 from squaring each term. We get m negative terms: 2 x first term x other term. But these cancel with m of the first set to leave 1. We then get ½m(m-1) positive terms, all different, from 2 x other term x different other term. Hence b(N2) = ½m(m-1) + 1. Hence b(N2)/b(N) → 0. 
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